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PREFACE

An equation has no meaning, for me
unless it expresses a thought of GOD - Ramanujam
[Statement to a friend]

Respected Principals, Correspondents, Head Masters / Head
Mistresses, Teachers,

From the bottom of our heart, we at SURA Publications
sincerely thank you for the support and patronage that you have
extended to us for more than a decade.

Itisin our sincerest effort we take the pride of releasing Sura’s
Mathematics Guide Volume | and Volume Il for +2 Standard
— Edition 2022-23. This guide has been authored and edited by
qualified teachers having teaching experience for over a decade
in their respective subject fields. This Guide has been reviewed
by reputed Professors who are currently serving as Head of the
Department in esteemed Universities and Colleges.

With due respect to Teachers, | would like to mention that
this guide will serve as a teaching companion to qualified teachers.
Also, this guide will be an excellent learning companion to students
with exhaustive exercises and in-text questions in addition to precise
answers for textual questions.

In complete cognizance of the dedicated role of Teachers, |
completely believe that our students will learn the subject effectively
with this guide and prove their excellence in Board Examinations.

I once again sincerely thank the Teachers, Parents and Students
for supporting and valuing our efforts.

God Bless all.
Subash Raj, .. ms.
- Publisher
Sura Publications
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CHAPTER

APPLICATIONS OF
MATRICES AND
DETERMINANTS

y| MUST KNOW DEFINITIONS [N

If |A |0, then A is a non-singular matrix and if |A| = 0, then A is a singular matrix.

The adjoint matrix of A is defined as the transpose of the matrix of co-factors of A.

If AB = BA = |, then the matrix B is called the inverse of A.

If a square matrix has an inverse, then it is unique.

At exists if and only if A is non-singular.

Singular matrix has no inverse.

If A is non — singular and AB = AC, then B = C (left cancellation law).

If A is non — singular and BA = CA then B = C (Right cancellation law).

If A and B are any two non-singular square matrices of order n, then adj (AB) =(adj B) (adj A)
A square matrix A is called orthogonal if AAT=ATA=|

Two matrices A and B of same order are said to the equivalent if one can be obtained from the other

by the applications of elementary transformations (A~B). :

Anon — zero matrix is in a row - echelon form if all zero rows occur as bottom rows of the matrix |
and if the first non — zero element in any lower row occurs to the right of the first non — zero entry 1
in the higher row. \

R I

+

+ Therank of amatrix A is defined as the order of a highest order non — vanishing minor of the matrix
Alp(A)].

+ The rank of a non — zero matrix is equal to the number of non — zero rows in a row — echelon form 1
of the matrix. |

+ An elementary matrix is a matrix which is obtained from an identity matrix by applying only one |
elementary transformation. Every non-singular matrix can be transformed to an identity matrix by 1

a sequence of elementary row operations.

+ Asystem of linear equations having atleast one solution is said to be consistent.

+ A system of linear equations having no solutions is said to be inconsistent.
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y| IMPORTANT FORMULAE TO REMEMBER N

+  Co—factor of a; is Ay = (-1) i+ M;;, where Mj; is the minor of a;

+ For every square matrix A of order n, A (adj A) = (adj A)A=[A[1
AATL=ATA =

+ If Alis non — Singular then

i 1
i A= [A]

(i) (AD*=ADT
(iii) (M) = — Al where A is a non — zero scalar.
Reversal law for inverses :
+ (AB)!=B Al where A, B are non — singular matrices of same order.
Law of double inverse :
+ If Ais non - singular, A~ is also non — singular and (A1 = A,
+ If Aisanon - singular square matrix of order n, then

I I
1 1
1 1
I I
1 1
1 [}
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
| : © AV = adi (A-L 1 |
| (1) (adj Ay *=adj (A= m ‘A |
1 i : - n-1 1
. (i) fadj A[=]A] .
1 e . . _ n-2 1
| (i) adj (adj A)=|A""“A |
| (iv) adj (M) =A""1adj (A) where A is a non — zero scalar |
2
1 : 2 4 1
| () ladj (adj A)|=|A[" D |
1 . . — H 1
L (v (adj AT =adj (A7) .
.+ Ifamatrix contains at least one non — zero element, then p(a) > 1. |
Lo+ The rank of identity matrix I is n. !
I If Aisan m x nmatrix then p(A) <min { m, n}. I
.+ Asqguare matrix A of order n is invertible if and only if p(A) = n. |
Lo+ Transforming a non-singular matrix A to the form I, by applying row operations is called !
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
) 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1

Gauss — Jordan method.
Matrix — Inversion method :

+ The solution for AX = B is X = A™! B where A and B are square matrices of same order and

non — singular
Cramer’s Rule :
: : A A A
+ If A=0, Cramer’s rule cannot be applied X, = AT AT )

Gaussian Elimination method :

Transform the augmented matrix of the system of linear equations into row — echelon form and then
solve by back substitution method.

Rouches capelli Theorem :
A system of equations AX = B is consistent if and if p(A) = p([A|B])

(1) If p(A) = p([AB]) = n, the number of unknowns, then the system is consistent and has a unique
solution.
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Chapter 1 = Applications of Matrices and Determinants o

(i) Ifp(A)=p(A|B])=n-k, k#0 then the system is consistent and has infinitely many solutions.
(ii1) If p(A) # p(JA|B]), then the system is inconsistent and has no solution.
Homogeneous system of linear equations :

(i) If p(A) = p([A|B]) = n, then the system has a unique solution which is the trivial solution for
trivial solution, |A| #0

(i) Ifp(A) = p([A|B]) < n, the system has a non — trivial solution.

For non — trivial solution, |A| = 0.

+ A‘1=i;_-ade - A=+ 1_ -adj (adj A)
|ad]A| |ad]A|
L] 2 2 1
1. Find the adjoint of the following : E S . (kA)=17J‘_j( i N
N I L B I e Y Zjl
(i) {6 2} (i) {3 4 1 (i) IR g | _(1)2
37 2 . 2 2 : we get adj 5—2 1 2 =13
3 4 X 1 -2 2
sol. (i) LetA = (6 2] ! 2 2 1
. 2 -4 Y AV E
adJA:(—6 —3) ! J 2\
[Interchange the elements in the leading | . Required adjoint matrix
diagqnal and change the sign of the elements in: 1 2 _9 2 9 1 [T
off diagonal] ! +_2 5 —‘ . 2‘ + L o
) 2 31 : { 2 1 21 2 2
(i) LetA=13 4 1 LTy _‘—22 " 12‘ _‘1 -2
3.7 2 : 2 1 2 1 2 2
41l o1 3 o4y : ‘12‘ ‘—22‘+—21
I 2‘ _‘3 2 s 7‘ : i (2+4) = (-4-2) + (4-1)] _
301 2 1] 2 3 : 1
aine | LdL 2‘ _‘3 7‘ =g | () - (4-2)
| [ +(4-1) —(4+2)+ (2+4)
SAEIEY) b oo e
! =— |6 3 6[==]6 3 -6
+B-7)-(6-3)+(1-12)] | I =3 9p 13 26 6 36 6
= ~(6-7)+(4-3)-(a-9)| =| T L =3 2 2 1
+(3-4)-(2-3)+(8-9) =1 1 -l | =% 2 1 -2
11 -1 : (12 2
adj A = |_3 1 1 ! [Taking 3 common from each entry]
! 2 -2 1
. L
‘ o2 2
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o W Sura’s '+ XIl Std - Mathematics ™ Volume |
2. Find the inverse (if it exists) of the following : T Taking 4 common from every entry we get,
5 4 511 2 3 1] 6 -1 -1
(1) { 1 3} (i) |1 5 1|Gii) |3 4 1] ! adj A=4|-1 6 -1
115 ! -1 -1 6
37 2] 6 1
2 4 . _ _ 1
Sol. (i) LetA = ! CATE o adj A= At o6 -l
1 -3 . Al PR
1
A= | 4‘ 6-4=2%0 | B .
= =6-4=2= — | _
I3 : 28 6 -
. 1 -1 -1 6
Since A is non — singular, A~* exists 1
! 2 31
1 1
At = [a] 2 A " (i) LetA = |3 4 1
. -3 4 | 3.7 2]
Now,adj A = | ., ! Expanding along R, we get,
[Inter change the entries in leading diagonal and | Al = 2 4 1 3 31 13 4
change the sign of elements in the off diagonal] | Al = 7 2 3 2 - 3 7
11-3 -4 1
1= ol L, ! = 2(8-7)-3(6-3)+1(21-12)
! = 2(1)-33)+10)
) 5 11 | = 2-9+9 =220
(i) LetA= 11 5 1 : Since A is a non-singular matrix, A~ exists
115 : (a1 B 1B o4
Expanding along R, : + 7 o 7
1
51 11 15
A= s -1l [ I adj A = [ TP NS
15 15 11 I 7 2013 21 3 7
1
— 525-1)-1(G5-D+1(1-5) sl 1 b 3
1
= - 4 + - +
5Q4) - 1@ +1(-4) | 4 1‘ 3 1" 4‘
= 120-4-4=120-8=112#0 } . - .
! +(8=7)—-(6-3)+(21-12 -
Since A is non singular, A~ exists. | ( )=( )+ ) =39
s ol 1 ST = -(6-7)+(4-3)-(14-9)| =| 1 1 -5
+ - + - -
1 5 ! +(3-4)-(2-3)+(8-9) ] 1 -l
: a5 1 51 : 11—l
adj A= |- —
J 15‘”11‘ I adf A= | -3 1 1
pas o, : 9 -5 -l
—+ 1
s 1" ! .
T ! Now, A = — adj A
[ (25-1)—(5— 1) (1 5) ! A
= | —(5-1)+(25-1)=(5-1) : oA
1 -1 - =
H(1=5)=(5-1)+(25-1) C = ATE B T
24 4 4] [24 4 4] o
= |4 24 4| =|-4 24 4 :
4 —4 24 4 -4 24|

é
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- . A2 AL -3AAT-TI, A= 0 A
coso. 0 +sina cosa. 0 —sina

=l 0 1 0 = 0 1 0 = AAADH-3AAYH-7(AH=0
—sinat 0 cosa sinae. 0 cosa [ |2A‘1=A‘1and(O)A‘1=0]
1 _2] _7A-1 = L AA-L =
- Floy = Tk di (F) = AlI-31-7A1=0 [ AAT=T]
= Al-3l=7A"1
0 i 1
B cose L eI = Al= = [A-31] [~ AI=A]
[F(a)] = 7 0 1 0 7
o ae L[5 3] o
) sina. cosa = =72 = 01
cosoa 0 —sino
_ o 1 o 0 L ol l[ 573 0] 1 23
. T 7|-1-0 —2-3| 7|-1 -5
sinot 0 coso
- L1 2 3
cos (—a) 0 sin (-o) ~A "7 1. s

Now, F(— o) 0 1 0

| —sin (—a) 0 cos (o)

Chapter 1 = Applications of Matrices and Determinants 0
cosaa 0 sina T cosaa 0 —sina
3. If F(0) = 01 0|, show that =/ 0 1 0 (2
—sinc. 0 cosa : sinaa 0 cosa
[F(o)] ™~ F(- o) [Hy - 2019] : ['. cosa. is an even function, cos (—t) = cos o and
0 si : sin o is an odd function, sin (—0r) = —sino(]
cosa Sm o - From (1) and (2)
Sol. Given that F (o) = 0 1 0f, : [F(o)]™? = F (-0
—sina 0 cosa : Hence proved.
Expanding along R, we get, : 5 3
! = 2— _ =
i 0 . 0 1 4. IfA {_1 _2] show that A“—3A - 71, = 0,.
= -0+
IF(0)] = cos o 0 o SN im0 ! Hence find A~
=cos o (cos — 0) + sin o (0 + sin o) | Sol. GivenA={ 5 3}
=cos?+sin =120 ! -1 2
Since F (o) is a non-singular matrix, [F(o)]™ 1 A2 5 3 53 25-3 15-6
H 1 = =
exists. . -1 2| |-1 =2 —5+2 -3+4
Now, adj (F(a)) = ! 7 9
10 0 0 o 1] T = ] S AZ-3A-TI,
+ - . + . 1 _—3 1
0 cosa| [sina cosa| |—sino O ! _
0 i . 0 | 12209 3 5 3 . 1 0
|0 sina| |coso sina | [coso | = {5 117312 o 1
0 cosa| |-sina cosa| |-sino O : 4
: / i 22-15-7 9-9+40 0 0
0 sina| |coso sina| |cosa 0 . = = =0
+ - + . -34+3+0 14+6-7 00 2
1 0 0 0 0 1 . -
- ) Hence proved.
+(cosa—0)  —(0) + (0+sina)] P
SAP-3A-T71,= 0
=1-(0) +(coszoc+sin2 oc) -(0) | 2
) ! Post — multiplying by A~ t,
+(0—s1n0t) —(O) +(c0s—0) ! St~ Multiplylng by we ge
1
|
1
1
1
1
1
|
1
1
|
1
1
1
1
1
|
1
1
|
1
1
1
1
1
1
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o Y Sura’s = Xl Std - Mathematics = Volume |
e 7. 1ta=|> Hanap= |t T ify that
. = and B = Veri a
5. IfAzg 4 4 7|, provethatAl=AT 7 5 5 2
1 -8 4 (AB)! =B1AL
1= AT 32 -1 -3
AAL = AAT 75 52
It is enough to prove AAT = | AB = 3 2][-1 -3] |3+10 9+4
-8 1 4 17 5|5 2] |-7+25 -21+10
| 8 1 4
AAT=§447114—8 7 -5
1 -8 4] ° 4 7 4 18 11
([ 6441416 3244428 —8-8+16 IAB| = —77+90 = 13 # 0 = (AB) " exists
= a -32+4+28 16+16+49 4-32-28 A = 15-14=1#0 = Al exists
-8-8+16 4-32+28 1+64+16 |B| = -2+ 15=13 0 = B exists
81 0 0 10071 00 )  — 1(-11 5
(ABY! = —— adj (AB) = —[ (1)
-1l 810:%010:010:| |AB| 13-18 7
1
0 0 8l 00 1]]0 01 B‘1=@(aij)
Therefore A=t = AT
s 4 12 3
6. If A= 3}, verify that A(adj A) = T 13los
' 1
(adj A) A=Al L, ! [S_ep.-2020;Aug.-2021] Al = m(adj A)
Sol. Given A = 5 3 5 =
d§iA 3 4 T 1l=7 3
a =
) 5 8

[Interchange the elements in the leading diagonal and
change the sign of the elements in the off diagonal]
Al = 24-20=4

) 8 —413 4
S Aad) A) = [_5 3}{5 8}

5 =2

-7 3
L BlAl = 1 2 3)Y\S5 2
13{-5 -1)\-7 3

1(10-21 —-4+49
13{-25+7 10-3

{24—20 32—32}{4 0} W
“15415 —20+24| |0 4 :L[—“ 5] o
3 48 -4 1318 7
(adj A) (A) = [5 8}[—5 3} From (1) and (2) it is prove that
24-20 -12+12] [4 0 (AB)* = BTA™
{40—40 —20+24}{0 4} ~(2) 2 4 2
8. Ifadj(A)=|-3 12 -7|,find A.
1 0 4 0 2 0 2
IA| |2:4{0 J :[0 4} -03) s
From (1), (2) and (3), it is proved that Sol. Givenadj A=|-3 12 -7
A (adj A) = (adj A) A=|A| L, is verified. -2 0 2

*
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
I

-5 I
i
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
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Chapter 1 = Applications of Matrices and Determinants 6
1 o ' 0 2 0
We know that A=+ — .adj (adj A) ..(1) ,
JJadjA 1 9. Ifadj(A)=| 6 2 —6/|,findALl  [PTA6]
12 -7 8 73 1 I 3 0 6
1 o 1
ladj Al=2 2 2 2 2 0 I 0 -2 0
1
[Expanded along R, ] ! Sol. Givenadj (A)= |6 2 -6
=2024-0)+4(—6-14)+2(0+24) ! 3 0 6
=2024)+4(=20)+2(24)=48-80+48 1
— 96-80=16 : We know that A™* = T @dia) ()
- - ladjAl
Now, adj (adj A) 1
1
12 -7 -7.,|-3 12| | ! |ade|:0+2‘6 S0
2 2T2 o ! =
4 2 4 ! [Expanded along R, ]
= T o7 ! = 2(36-18)=2(18)=36
1
‘—4 2H 2 2 —4‘ ! 0 2 0
1
12 "3 12 ! Al +—|6 2 -6
i | J36
+(24 —6-14)+(0+24) | -3 0 6
1
= (-8 )(4+4)—(0—8) ! 0 2 0
| +(28-24)—(-14+6)+(24-12) ! = i% 6 2 -6
24 20 247" : -3 0 6
=8 8 8 : ]
4 8 12 : 0 1
4 8 4 ' 10. Find adj (adj (A)) ifadjA=| 0 2 0]
= ' -1 0 1
124 8 12 | Sol. GivenadjiA=|0 2 0
6 2 1 ! -1 0 1
=415 2 2 ~G) ] 2 oo o [0 2
623 | 0o 1 |-1 1] -1 o
Substituting (2) and (3) in (1) we get 1 0 1 11 .
1
6 2 1 I Now adj(adj A)= |-
1 | 0 11 |-1 0
616 2 3 : 40 !
- 2 0 0 [0 2
6 2 1 ! - .
T
2\ :i%5 2 2 o [+2-0) —©@ +0+2)] [2 0 2
6 2 3 vo= (0 (k) ~(0) =020
0-2) —(0 2-0 —_
o [0 —0) +-0)) [2 0 2
= +[5 2 2 : o 2 0=
6 2 3 ! adj (adj A) =|0 2 0
! 2 0 2
1
¢
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CHAPTER

2

COMPLEX NUMBERS
JI_ st NOW DEFNITIONS N

+ If a Complex number is of the form x + iy where x is a real part and y is the imaginary part of
the complex number.

+ z,=1z,ifRe(z)=Re(z)and Im (z,) = Im (z,)
Properties of complex numbers:
Under Additions

+ Letz

1 Z, and z, are complex numbers.

(i)  Closure property (z, + z, is a complex number)
(||) Commut_ative property (z, +2,=2, +2,)
(i) Associative property (z, +z,) + 2, =2, + (2, + 2,)
(iv) Additive identity (z+0=0+z=2)
(v) Additive inverse (z+-2)=(-z+2)=0

+ Under Multiplication:

(i)  Commutative property (z, 2, =z, z,)
(iif)  Associative property (z, z,) 2, =7, (z, Z,)
(iv) Multiplicative identity (z,. 1=1.z, =2))
(v)  Multiplicative inverse zw=w.z=1=w=7z"!
Distributive property (Multiplication distributes over addition)
2, (,+25)=2,2,+ 2, 74

+

Also, (z,+2,)2,=2,2,+ 2,7,

+ Conjugate of x + iy isx — iy

+ Ifz=x+iythen|z] = x* +)?

+ |z-zy =risthe equation of circle where z; is a fixed complex number and r is the distance from
z,toz.
0

1
I
I
I
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
! (i)  Closure property (z, z, is also a complex number)
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
! + Polarformofz=x+iyisz=r (cos 0 +i sin 0)
1
1
1
1

Y
wherer= ,/x>+? andtan 0= —.
Xty .
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De Moivre’s theorems !

+  Given any complex number cos 6 + i sin 6 and any integer n, then (cos 0 + i sin 6)" = cos nf +!

|

1

1 o 1
1 1sin no.

1

! 0 0+ 2km

I —

1 n ,k—0,1,2, ...... n-1.

1

+ U= yln {cos(e+2knJ+zs
n
y| IMPORTANT FORMULA TO REMEMBER [N

+ 0=1it=i =101, ) =0, ()2 =1 ()R =
+ Jab = Ja~/p isvalid only if atleast one of a, b is non-negative.
+ Whenz, =x, +1iy, and z, = x, + iy, then
)+ 2, = (X F ) + iy +Y))
2, =2, = (X = X)) iy, —Yy)
212, = (X X = Y1 Yo) F (X Y, + %, Yy)
Properties of complex conjugates

1) z+z, =7+, (6) Im (z) = Zz_l_z
@ z-2,=7-37 7 (z_) = (2) ,where n is an integer.
B) 7z, =77, ®) zisrealiffz=7

- B
(4) (Z__l] = Z——;, z,20 9 z is purely imaginary iffz= —z

) Re (2) = izz 10) =z
Properties of modulus of a complex number
@ =] ® |20
z, 22|’ 2
Q) |z +12,|<|z]+|z,| (6) |Z| = |2|", where n is an integer

(Triangle inequality)
® |zz] =z][z| N Re@<l
@ lz-zl2zl-zn]  ®) me@<y
lz,-2,] = \/(xl—x2)2+(yl—y2)2

|Zl _Zz| < |Zl|+|22|

+ ||zl|—|22||s|zl+zz|s|zl|+|zz|
+ ||zl|—|22|| <z -z, <z |+]z,

+ |zz = 2] |z

www.kalviexpress.in
orders@surabooks.com PH:9600175757 | 8124301000



This is Only for Sample for Full Book Order Online or Available at All Leading Bookstores
www.kalviexpress.in

Chapter 2 = Complex Numbers 0

+ Leta+ib=/x+iy then

Na® +b% +a

X=4+|/—
2
V=4 Ja* +b* —a
B 2

+  |z—2z,|<r represents the points interior of the circle.

|z - zo| >r represents the points exterior of the circle.
+ arg(z;z)=argz +argz,

+

+ arg [AJ =argz,—arg z,

22
+ arg()=nargz
+  Alternate form of cos 0 + i sin 0 is cos (2kn + 0) + i sin (2kn + 0), k € Z
Euler’s formula
+ e%=cos@+isin0orz=re?
+ Ifz=r(cos 0 +isin 0) then

71l= l(cosG —isin@)
r

+ 7,2,=1,1,[cos (0, +0,) +isin (0, +0,)]
+ b= flcos(6,-6,)+isin(6, -6,)]
z, n
+ (cos6—isinB)"=cosnd—isinnd and (cos O + i sin 6)™ = cos nO — i sin no
+ (cos O —isin0)™=cosnd+isinndandsin B +icos O=1i(cosO—isin )
+ l+o+o’+..... +0""1=0
where  is the n™--- root of unity.
1lw.e? ...0" = (1)1

o k== (p) 0<k<n-1

EXERCISE 2.1

= (1) (1) (i) + ()*7 (1) [I*=-1]

['.- 1944 is a multiple of 4 and1948 is also =1+i

a multiple of 4]

= (i4)486_ i il+ (i4)487. i2 [i4 = 1]

1
1
| =-i-1

Simplify the following: I R

1. {1947 41950 0 {1948 _j-1869 | B

” \ 2. j1948 _j —1869 — (i4)487 _ [i—1868 ) i—l]
5 L e i
- | | .
7233 2000 i . N
5. (N 6. — : = 1_[1.(_|)] [.-it= f =—i]
Sol. 1. 947+ {1950 = {1944 {3 4 1948 j2 ! [One power any number is 1]

I
1
1
1
1
1
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12 o o T Sol. (i) z+w
3. Qi =P+ PHI+(EH 4TI = (5-2i) + (-1 +3i) = (5-1) +i (-2 + 3)
= (i —1-i+ 1) + (i4+1 + 42 4 43 4 (i4)2) + (ii) s _iw
(i8+1 + i8+2 + i8+3 + (i4)3) L .
o G =(5-2i)-i (-1 +3i)
=0+ (I +Hi2+ B+ + (IL+ P2+ +i% . o
Cosli .+1[;'.'1_ .’Ll__"' =1 = 52i+i-3(-1)=5-i+3=8-i
FOH(-l-i+ D+ (-1-i+]) (iii) 22+ 3w
=0+0+0=0 =2 (5-2i) + 3 (-1 + 3i) = 10 — 4i — 3 + Oi
4 jAx1843 4 [-(4x14+3) [Hy - 2019] =(10-3) +i(-4+9)=7+5i
_ _ _ _ (iv) zw
= (. P (@70 _ = (5 - 2i) (=1 + 3i) = =5 + 15i + 2i — 6§
= 1.3+ 13 [-it=1] =5+ 17i -6 (-1)
=i+ [-i¥=-iandi®=i] = 5+17i+6=1+17i
= (V) 7%+ 2zw + w2
5. 2 j2000 — jL+2+3+ ... +2000 =(5- 2i)2 +2(5B-2))(-1+3i)+(-1+ 3i)2
= 25 + 4i% =20i + 2[-5 + 15i + 2i —6i]
_2000x2001 _ n(n+1) ) )
=i 2 [1+2+3+.n= 5 ] +1+ 92 —6i
— j1000x2001— j2001000= 1 =25-4-20i+2 (-5 +17i +6) + 1 -9 —6i
[ 2001000 is divisible by 4 as its last two [i2=-1]

digits are divisible by 4]

Taking i®® common we get,
PO +PP+B+i+ @@ +iC+i"+i9)

+ i9 + ilO]
- i50 [0 + (i4+1 + i4+2 + i4+3 + i4+4)

+ (i8+1 + i8+2)]
=iPP0+0+i+i7 [i+i2+i¥+it=0]
= i%0 [i 1] = 42 (i -1)
=i2(i-1) [i%=1]
= 1(i-1)=-i+1=1-i

EXERCISE 2.2

1. Evaluate the following if z = 5 -2i and

w=-1+3i
i z+w (i) z—-iw
(iii) 2z + 3w (iv) zw

(v) z%+2zw+w? (vi) (z+w)?

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
i
]
1
1
+ j10+50 :
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

é

Sol.

= 21 -20i + 2 (1 + 17i) -8 —6i
= 21 -20i + 2 + 34i -8 —6i = 15 + 8i

(Vi) (z+w)?

=[(5-2i) + (-1 +3i)]* = (4 +i)?
=16 +8i —1=16-1+8i=15+8i

Given the complex number z =2 + 3i,represent
the complex numbers in Argand diagram.

(i)
(i)

z,iz,and z + iz (if) z, —iz, and z —iz.
Represent z, iz and z + iz in the Argand
diagram.

z =2 + 3i can be represented as (2, 3)
iz=i(2+3i)=2i+3i?=2i-3=-3+2i
can be represented as (-3, 2)

Z+iz=2+3i-3+2i=-1+5ican be represented
as (-1, 5) in the argand diagram.

iz(=3.2)

Imaginary,
z+iz(-1,5) @5 1 et
4-

2(2.3)

1
. Real

g
—11

5 axis

4
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Chapter 2 = Complex Numbers Q
(ii) z =2 + 3i can be represented as (2, 3) * _
—iz = i (2 + 3i) = =2i -3i? = -2i -3 (1) EXERCISE 2.3
=3-2i 1. 1fz,=1-3i,z,=-4iand z, =5, show that

z—-iz=2+3i+3-2i=5+icanbe (i) (g +z)+z3=2,+(z,+2)
represented as (5, 1) in the Argand place. (i) (2,2)z.=2 (z,2.)
172773 1\"273

Imaginary Sol. (i) (zy+1z)+2z3=2,+(z,+2,)
niimy it Givenz, = 1-3i,z,=-4iandz,=5
5+ LHS = (z;+2z,)+7z,
4+ = [1-3i+(-4i)]+5
3 = [1-7i]+5=6-7i

RHS = z,+(z,+1,)
= 1-3i+(-4i+5)=6-7i
LHS = RHS
(Zl + 22) + Z; = L + (Zz + 23)
(“) (Zl Zz) Zs = Zl (22 Z3)
LHS = (z;2) 12,
= [(1 - 3i) (- 4i)] 5 =[-4i + 12i%] 5
=(-4i-12)5=-20i - 60
RHS =2, (z,2,)
=(1-3i) [(-4i) 5] = (1 - 3i) (- 20i)
= — 20i + 60i? = — 20i — 60
LHS RHS
(21 22) 23 Zl (22 ZS)

3. Find the values of the real numbers x and y, if
the complex numbers
B-x-2-iy+2i+5and 2x + (-1 + 2i)
y + 3 + 2i are equal [Hy - 2019]

Sol. Given (3-i)x—-(2-i)y+2i+5
=2+ (-1 +2i)y+3+2i
= 3X—IX-2y+iy+2i+5=2X-y +2iy + 3+ 2i

O — - mrmmmmmccecccctct e e e e e e e e e e e e e e e e e e e e e f e mmmmm Rt mccmmcctct et e e e e e e e e e e, e, - .- —-m———-—-
N

choosing the real and imaginary parts Ifz, =3,2,=7i,and z, = 5+ 4i, show that
(Bx=2y+5)+i(x+y+2)=2x-y+3+i(2y+2) () z,z,+z))=212,+2,24
Equating the real and imaginary parts both sides, (i) (z,+z)z5=2,2,+12,1,
we get sol. (i) z(z,+2)=12,2,+2,7,
3X=2y+5 = 2x-y+3 Givenz, =3,z, = =7i,z,=5+4i
= 3X-2y+5-2x+y-3 =0 LHS = z,(z,+2,)
= X—y = =2 .. (1) = gE 7'3*_']5 "‘1‘;'] o
_ = —oll = — Y
TXAYH2 = 2yH2 RHS = z,7,+7,1,
= -X+y+2-2y-2 =0 = 3(-7i)+3(5+4i)
= -X-y=0=x+y = 0 .. (2) = -2li+15+12i
(1) - (2) we get, = -9i+15=15-9i
x—\ = -2 LHS = RHS
X+Z =0 w3ty = z,+z 7
o2 = -2 (i) (z,+2)23=2,2,+2,1
S s X = — LHS = (z;+2)z,
Substituting x = — 1 in (2) we get, = (3-7i) (5+4i)
a . . "
_1+y:0:y=1 = 15+12.|—35|—28| -
L x=—landy=1 = 15-23i +28 =43 -23i
RHS = z,2,+2,2,

= 3(5+4i)+ (-7i) (5+4i)
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THEORY OF EQUATIONS

L]
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

a4

y| MUST KNOW DEFINITIONS [N

+  For the quadratic equation ax? + bx + ¢ = 0,

(i) A =Db?-4ac >0 iff the roots are real and distinct

(i) A =Db?-4ac <0 iff the equation has no real roots
Fundamental theorem of algebra :
+ Every polynomial equation of degree n has at least one root in C.

Complex conjugate root theorem :
+  Ifa complex number z, is a root of a polynomial equation with real co-efficients, then complex
conjugate z,, is also a root.

+ Ifp+ Ja is a root of a quadratic equation then p — \/a is also a root of the same equation
where p. g are rational and \/a is irrational.

+ If \/E + \/aisaroot of a polynomial equation then \/— - \/——\/E + \/a,and—\/— —\/a are

also roots of the same equation.

+  If the sum of the co-efficients in p(x) = 0. Then 1 is a root of p(x).

+  If the sum of the co-efficients of odd powers = sum of the co-efficients of even powers, then —1 is
a root of p(x).

Rational root theorem :

+ Leta x"+...+ax+a,witha #0,a,#0 beapolynomial with integer co-efficients. If L
with (p, g) = 1, is a root of the polynomial, then p is a factor of a, and q is a factor of a_

Reciprocal polynomial :
+ Apolynomial p(x) of degree n is said to be a reciprocal polynomial if one of the conditions is true

o o=l @ = s}

+ Achange of sign in the co-efficients is said to occur at the j™ power of x in p(x) if the co-efficient of !
xJ*1 and the co-efficient of xJ (or) co-efficient. of X171, the co-efficient of X are of different signs. ,
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y| IMPORTANT FORMULAE TO REMEMBER [N 1

+ Vieta's formula for quadratic equation

Ifon,Baretherootsofax2+bx+c=0thenon+[5=—é and o =
a

Q|0

Also, x2 — x (sum of the roots) + product of the roots = 0
+ Vieta's formula for polynomial of degree 3.
Co-efficient. of x> = —(a. + B + y) where a, B, yare its roots
Co-efficient of x =a B + vy + yo and constant term=—a. Y
+ Vieta's formula for polynomial equation of degree n > 3

Co-efficient of X" =%, = -Za,

1

i

[}

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1
Co-efficient of X"2=%,=-% a, o, !
Co-efficient of X" =%, =-% a, a,a, !

i — - n-1
Co-efficientofx=2 ,=(-1)""XZ o0, a , !
Co-efficient of X° = constant term = £_= (-1)" o, 0,..... !
. . N 1 z . . .

A polynomial quatlon aX" 8y ) Xt ax = 0 (a, # 0) is a reciprocal equation iff !
one of the following statements is true. I
1

1

1

1

1

1

1

1

1

1

(i) a,=a,a,,=a —a

(i) a,=-a

1 “n27

a .=—a

n-1" a

o =

Descartes rule:

+ If p is the number of positive zeros of a polynomial p(x) with real co-efficients and s is the
number of sign changes in co-efficient of p(x), then s — p is a non negative even integer

’
EXERCISE 3.1 A Hence, the volume of the cuboid equation is

_ _ ) X3 —Z X+ Z,x — 23
1. If the sides of a cubic box are increased by
1, 2, 3 units respectively to form a cuboid, then
the volume is increased by 52 cubic units. Find
the volume of the cuboid. [Aug. - 2021]
Sol. Let x be the side and V be the volume of the
cube, then volume of the cube
V = xxxxx=x3

X3 — (=62 + (L)X — (=6)
3+ 6x2+ 11X+ 6
x3 +6x2 + 11X+ 6

:
1
1
1
1
: .V +52
| X3 +52=x3 +6x° +11x+6
I X2 +6x2 +1Ix+6—x3 —52=0
| 6x2 +11x — 46 = 0
: (6x+23)(x—2)= 0
If the sides are increased by 1, 2, 3 units, , 6Xx+23=00rx—2= 0
\Volume of the cuboid is equal to volume of the : 6x + 23 = 0 gives,
cube increased by 52 ! 6X = —23
:
1
1
1
1
1
1
1
1
1
1
1
1
é

V+52 = (x+1)x (x+2)x(x+3)
If o, B, and y are the roots, then If o =—1, =2
and y=-3.
L = (a+B+y)
=-1-2-3=-6
L, = (afp+oay+Py)
(~1)(2) + (-1)(=3) + (-2)(-3)
=2+3+6=11
%, = (aBy)=(D(2(3)=-6
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X = _?’ is impossible

Sox—2 = 0 gives,
X= 2
Substituting x = 2, volume of the cuboid
V=_02+1)x2+2)x((2+3)
(3) x (4) * (5)

60 cubic units.
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Chapter 3 ™ Theory of Equations

2.

Sol.

(i)

(iii)

Sol.

(1)

(i)

Construct a cubic equation with roots

G 1,2,and3 (i) 1,1,and -2
1
(iii) 2, Eand 1
() 1,2,and 3
Given roots are 1,2 and 3
Herea=1,=2andy=3
A cubic polynomial equation whose roots are
a, B, yis

)
1

1

1

1

1

1

1

1

1

1

1

1

1

1
X —(a+B+yX°+(ap+Py+ye)x—aPpy=0
= (1+ 2+ 3) X2+ 2+ 6 +3)Xx—6=0 :
X3 —6x2+ 11X —6=0. !
Herea=1,f=1andy=-2 !
.. The required cubic equation is |
—(1+1-2)x2+(1-2-2) x— (1)(1)(-2) =0 1
—0x2-3x+2=0 |
~3x+2=0. |

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1
Herea =2, = 5 andy=1
.. The cubic equation is

1
- (2+—+ljx2+ (1+l+2jx—1 =0
2 2

= 23 -7x2+7x-2=0

If o, p and y are the roots of the cubic equation
x3 + 2x%2 + 3x + 4 = 0, form a cubic equation
whose roots are

(|) 201, 23, 2, [Hy - 2019] . ’B’Y ,
(iii) —o, - B, —y

The roots of x3 + 2x2 + 3x +4=0are a, B, ¥

()

111

(i)

s o+ B+y= —co-efficient of X2 = - 2
af +By+ye = co-efficientof x=3  ..(2) |
—afy = +4=0Py=-4 ..(3) )
Form a cubic equation whose roots are 2a, 23, 2y
20+2p+2y=2(a+P+y)=2(-2)=-4
[from (1)]
40P + 4Py + 4ya =4 (aff + By +yo) =4(3) = 12
[from (2)]
(2a) (2B) (2y)=8 (aPv)=8(-4)=-32
[from (3)]
.. The required cubic equation is
— 20+ 2B + 2y) X2 + (4aP + 4By + 4ya)
X— (20) (2B) (2y)=0
- (-4)x*+12x+32=0
X3+ 4x2+12x+32=0
Form the cubic equation whose roots are
111

o By

[ ]

1,11 _ Pryarap_3 23
o By By 4 4
-2 1
1,1, ytesp 21
afp Py yo aBy -4 2

)=

.. The required cubic equation is

_[l.l.lj -0
By
:>x3+§x2+lx+l =0
4 27 4
Multiplying by 4 we get,

A3 +3x2+2x+1 =0

(iii) Form the equation whose roots are o. — 3 —y

iy

Sol.

X3

mo=B-y =~ (a+p+y)
= _(_2) =2
of +By+vyo = 3
(-o)(B)() = - (apy) == (H=4

The required CUbIC equation is
X —(—oc B— y)x +(OLB+B'Y+’YOL)
x=[(~a)(-B)(-y)]= 0

XX—(2)x*+3x-4 =10

XX—2x?+3x-4 =10

Solve the equation 3x3 — 16x% + 23x — 6 = 0 if
the product of two roots is 1.
Given cubic equation is 3x3 — 16x2 + 23x—6=0

1
Let Ot,; and y be the roots of the equation
[ -.- product of two roots is 1]

, 16 , 23

X' ——X"+—x-2=0 (1
3 3 X~ )
Comparing (1) with
X
o o o
.(2)
we get,
oc+£+y - 16 ..(3)
a 3
1+l+ya = B
o 3
1
o-—y = 2=y=2 .(4)
o
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equation 2x* — 8x3 + 6x*> -3 = 0. [PTA- 2]
Sol. Given equation is 2x* - 8x3+ 6x2 -3 =0

Herea=2,b=-8,c=6,d=0,e=-3

Let a, B, Yand & be the roots of equation (1)

5B%-18B2-32 = 0
(B—4)(5B*+2B +8)
B—-4=0,givesP=4
Substituting B = 4 in 2o = 3

0

Then by Vieta's formula " ga = %4)
L =o+B+y+d=—= ‘= o
5 —aﬁfayy+a6+[3?/+[36+y8——=§=3 Substituting B = 4:?:2;?8 5B
> 2y = 18-5(4)
3= aBy+aB8+ay6+By8=7=g:O g: 15720
_ 'Y = -1

e
= afyd = 4 2 Hence the roots are6 4 and —1

2
Now, (a+b+c+d)? =a?+b>+c?+d?+ 2
(ab + ac + ad + bc + bd + cd)

7. If o, B and vy are the roots of the polynomial
equation ax® + bx? + cx + d = 0, find the value

= a?+p2+y2+82 = (a+P+y+d)
—2(ap+oy+ad+py+pd+y3d)
a? +P2+y? +82=42-2(3)=16-6=10

of Zi in terms of the coefficients.
By
Sol. Given a, B and vy are the roots of ax® + bx? + cx
® +d=0
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Substituting y= 2 in (3) ® 6. Solve the equation x® — 9x2 +14x + 24 = 0 if it
1 16 : is given that two of its roots are in the ratio
ot t2o= = L3
_ 16 16—6 _ 10 ' Sol Givenx®—9x*+14x+24=0
= ety ?_2_ 33 Two of its roots are in the ratio 3 : 2
- o’+1 _ 10 : Leto.:p = 3:2
o 3 : a _ 3
! 2 - 2
- 10 ! B 2
/9\ 1 200 = 3B
: Comparing with x* =%, X2 +%,x — %, =0
10 -1 : 21: (Oc+B+'Y):9
L L ! X, = (op+ay+py)=14
3 3 | Z; = (apy=-24
B ! From o+ B+y = 9
Ba +10) Ba—1)=0 ! 20+ 2B +2y = 18
362+3 = 10a : Substituting 2o = 3
302-100+3 = 0 : 3p+2p+2y = 18
(3a+10)Ba—1)=0 ! 56+2y = 18
—10 | 2y = 18-5B .. (1)
o = —=(on ! Fromofy = 24
1 . 208y = —48
“ =3 | Substituting 2o = 3
~10 - (BB)By = —48
Y is not possible = a= - N 3p2y = —48
~10 : By = —16
[ 0{: = will not satisfy (5)] ! Multiplying by 2, 22y =— 32
- The roots are 3, —, 2. ! Substltutlnzg 2y=18 -5
3’ ! B2(18-5B) = —32
5. Find the sum of squares of roots of the ! 18p% - 5B = —-32
:
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
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¢

—b
satBry= —
a
C
of+Py+ya = —
—d
afy = —
a
Now, "% = @« B v
By By ya aP
- oc2+[32+y2
aBy
2
_ (oc+B+y) —2(0c[3+[3y+y(x)
afy
2
24
— a a
d
a
b 2¢c ,
I b —2ac —a
_ a a —_“
a
) Za \ (bz-zac) » 2ac —b°
a ad  ad

By
8. Ifa, B, yand o are the roots of the polynomial

equation 2x* + 5x3 — 7x> + 8 = 0, find a
quadratic equation with integer coefficients

whose rootsarea++y+dand o yd

Sol. Given polynomial equation is [Sep - 2020]
2x4+5x3-7x2+8 =0
Herea=2,b=5c¢c =-7,d=0,e=8

By Vieta's formula,
— -5
o+B+y+d=— = —
a 2
c -7
afp+oy+od+Py+pPo+yd = —:7
a
—d
aBy+aBd+ayd+Byd = 7_0
e 8
aBfyd =— == =4
By Pl

Given roots of the quadratic equation are
atB+y+dand afyd

- sumoftheroots = (a+B+y+8)(aByd)

[—5 —5+8
= __|_ =
2

|-

3
2

4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

é

Sol.

10.

Sol.

Product of the roots = (o +B+7v+3) (aByd)
-5 -20

=|—|(4)= =
[ 2 ]( ) 2

.. The required quadratic equation is x? — x

(sum of the roots) + product of the roots = 0

= x2—x[§]—10 =0
2

=-10

2x2-3x-20 =0
If p and g are the roots of the equation

Ix2+nx+n=0,showthat\/g+\/%+\/$=0.

Given p, q are the roots of Ix? + nx + n =0

=

+q = - Zandpg= 2
p+q / Pq /

o (P9) (7) n 1 _n
Consider = =

= x—=
Pq (ﬁ) ? n 1
/

(P+9)° _ \/E
rq !
(p+q) _ \/Z

=+ =
Jra !
Consider—(p+Q) = \/%

%]

/.\
i)

+
<
~
|

g

+

S
7

|

|

1
o

+

N
@

~| 3

o

Hence prove

If the equations x> + px + q = 0 and
x2 + p’x + g" = 0 have a common root, show

that it must be equal to P I?qor q’ a .
-q p-p
Given equation are x? + px +q =0 ..
andx?+p’x+q =0 .(2)
Let a be the common root for (1) and (2)
So2+pa+qg =0 ..(3)
anda?+p a+q =0 ..(4
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11.

Sol.

Sol.

Solving (3) and (4) by cross multiplication
method we get

Lt e
N o :L:;
pg'-pq a-9 PP
Consider of _ _o o _pd'-r'g
rd-rq q-q o q-¢
_ p4'-rq
q-9 ,
ConsiderL :,L:m:q,_
q-q' p-p p—-p
rd-rq q9-4¢

Hence its roots are T or

q9—49 p-p
A 12 metre tall tree was broken into two
parts. It was found that the height of the part
which was left standing was the cube root
of the length of the part that was cut away.
Formulate this into a mathematical problem
to find the height of the part which was left
standing.
Given that the height of the tree is 12m.
Let x m be the standing part and (12 — x)m be the
broken part.

1
x =312—-x =>x=(12—x)3
Taking power 3 both sides, we get
= x3=12-x
= x3 + x — 12 = 0 which is the required
mathematical problem.

EXERCISE 3.2

If k is real, discuss the nature of the roots of
the polynomial equation 2x? + kx + k = 0, in
terms of k.

Given equation is 2x? + kx + k=0

Given

Herea = 2,b=k,c=k
.. Discriminant - 0 8 B
A = b2-dac=K -4 (2K
= K2_8k=k (k-8)

Since k is real, the possible values of k are
k<0,k=0o0r8 0<k<8ork>8

Case (i) Whenk<0,A=k (k-8)>0

= it has real roots (. k is real)

Case (ii) Whenk=00r8, A=0,

.. The roots are real and equal

e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e = = = = =)

[

N

Sol.

w

Sol.

o

Sol.

Case (iii) When0<k<8,A=k (k-8) <0
It has imaginary roots

Case (iv) Whenk>8,A=k (k-8)>0

= The roots are real and distinct

Find a polynomial equation of minimum
degree with rational coefficients, having
2 +./3i asaroot.

Given 2 ++/3 i is a root

.2 — /3 iis another root

Hence sum of the roots =2 ++/3i + 2 —/3i = 4

Product of the roots = (2 + +/31)(2 - /3 )

=4+3=7

Hence the required equatoin is

x? — (sum of the roots) x + product of the roots = 0
X2 -4x+7 =0

Find a polynomial equation of minimum

degree with rational coefficients, having
2i +3 as a root. [Hy - 2019]

Given 2i + 3 is a root

.. Its conjugate 3 — 2i is also a root of the
polynomial equation.

.. Sum of the roots
Product of the roots

= 2(+3+3-2i=6
(3+2i)(3-2i)
32+22=9+4=13
.. The polynomial equation of minimum degree
with rational co-efficients is

X2 — x (sum of the roots) + product of the roots = 0
= X-x(6)+13 =0

= X>—6x+13 =10

Find a polynomial equation of minimum
degree with rational coefficients, having
J5 —+/3 asaroot. [PTA-5]
Given (/5 —+/3 ) is a root

= /5 ++/3 is also a root.

-.Sum of the roots = /5 —+/3 +/5 +/3 =2./5

Product of the roots
= (5-v3)(\5+3)
= (V5)*-(3)?=5-3=2
..One of the factor is x? — x (sum of the roots)
+ product of the roots

= X2 —2X+/5+ 2
The other factor also will be x2 + 2x/5 + 2.

www.kalviexpress.in

orders@surabooks.com

PH:9600175757 | 8124301000



This is Only for Sample for Full Book Order Online or Available at All Leading Bookstores
www.kalviexpress.in

Chapter 3 ™ Theory of Equations

Sol.

Sol.

Sol.

Hence, the polynomial equation of minimum
degree with rational co-efficients is

(X2 -2x/5+2) (¥ +2x/5+2) =0
= (C+2-2x)0E+2+25%) =0

= (x2 +2)2-(2/5%)?2 =0
[.-(a+b)(a—b)=a2—b?]

= X*+4x2+4-4(5)x% =0

= X4+ 4x2+4-20x% =0

= x*—16x2+4 =0

Prove that a straight line and parabola cannot
intersect at more than two points.

By choosing the co-ordinate axes suitably, we
take the equation of the straight line as
y = mx+c

and equation of parabola as y? = 4ax
Substituting (1) in (2), we get

(mx +¢)? = 4ax
= m2x? + ¢ + 2mex = 4ax
= m>?+x(@2mc—-4a)+c? =0
Which is a quadratic equation in x.
This equation cannot have more than two
solution. Hence, a straight line and a parabola
cannot intersect at more than two points.

EXERCISE 3.3

Solve the cubic equation : 2x3 -x?-18x +9=0
if sum of two of its roots vanishes.

Since sum of two of its roots vanishes, let the
roots be a, — o and 3

(1)
-2

—b 1 1
—_ + = B —da = —
o-—o+f i 2:[3 2
_d 1 _
Also,aBy = — =a(-a)(Z)=—
a 2 2
2
o 9
_ = — 2 — =4
= > 2:>oc 9= a=23
= o =3

1
.. The roots are 3, -3 and 5 )

Solve the equation 9x3 — 36x? + 44x — 16 = 0
if the roots form an arithmetic progression.
Here,a=9,b=-36,c=44,d=-16

Since the roots form an arithmetic progression,
Let the rootshea-d,aanda+d

Sum of the roots = _—b
a

4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

é

—(=36)
= (@-d+@+@+d = 5 =4
= 3a=4:>a:i

3d
and product of the roots = —

a

_—(=16) 16

9 9

16
= (a—d)(a)(a+d)=3

16

(a2-d%) (@) =
9
16 ,,)(4) _16 4
__d - - — ...az_
[9 ][3] Y
16_ o 16 3 _4
9 9 4 3
E_ﬂ:dz
? 32_16—12_4
= dc = = -
9 9
4 2

::l:—:+—
= 9 =3
~Therootsarea—-d,a, a+d

4 2
Q) Whenazg,anddzg.
The roots a—d, a, a + d becomes,
4_244,2 24
3 333 3733

4 2
i) Wh =—,andd=- —.
(i) ena 3 an 3

The roots a—d, a, a + d becomes,
4 2

+ =<4, Ty ;-
3 333 3 3°3

3. Solve the equation 3x3 — 26x? + 52x — 24 =0 if
its roots form a geometric progression.

Sol. Given cubic equation is 3x3 —26x% + 52x - 24 =0
Here,a=3,b = —26,c=52,d=-24.
Since the roots form a geometric progression,

a —-b
The roots are — a, ar. sum of the roots = —
r

a 26 “
= —+a+ar = — ..(1)
" —d 9
and product of the roots = —
a 24 a /\
= }—/xaxaf:?:s I Y
a® =8=2% =
3 3
a=2 =l
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2 26 1
.". (1) becomes ?+2—|—2r=? [3—2—[3 = 1=2p%-1=2p=2p*~2B-1=0
-5 = —— =5 —=— = 4 = 4
r 3 r 3 i N
= 3+3r+3r2 = 13r 32— 10r+3= 0 - 2i412=2i42 3
= r-3)@r-1) =0=r=3
(r=3)( - ) RN
~Therootsare — , a, ar B = —
‘ (1+43)

k = 2 and the roots are 2,

2
:%,2,2(3)=—,2,6 2

3
4. Determine k and solve the equation

2x3 — 6x2 + 3x + k = 0 if one of its roots is twice
the sum of the other two roots.

Sol. Given cubic equation is 2x3 — 6x? + 3x + k=0
Here,a=2,b = -6,c=3,d=Kk
Let a, B, v be the roots

5. Find all zeros of the polynomial x — 3x° — 5x*
+ 22x3 — 39x% — 39x + 135, if it is known that
1+ 2iand /3 are two of its zeros.

Sol. Letf(x) =x6—3x5=5x*+22x3 —39x? — 39x + 135

Given (1 + 2i) isa root = (1 — 2i) is also a root.

’
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
Giveno = 2(B+7) = L=B+y .(1) : Also /3 isaroot = —/3 is also a root.
2 | Hence, the factors of f(x) are [x — (1 + 2i)]
_ —6 ! :
Now, a+pey = =2 =— % -y | - (1-20] X V31l + V3]
a 1
@ g er2a_g 30 b [0eD) -2 [6-D) + 2lx- Y3+ V3]
2 1
U f AE\D ; (x—1? +2?)(x* =3)
— — — ! = 2_ 2_
wBy = —d :7k=>2-[37:7k ! (x 2x+1+4)(x 3)
“ ! = factor of f(x) is (X2 — 2x + 5)(x? — 3)
= — .(2)
by 4 . @) ! =x*—3x% = 2x3+ 6x + 5> - 15
Also, alf+By+yo = 4 : =(x* - 2x3 + 2x% + 6x — 15) is a factor of f(x)
2B+Py+2y = 3 : To find the other factor, let us divide f(x) by
YTy 5
3 L XA -28+ 2@+ 6x- 15
2(B+y)+By = 5 : X=X -9
k 3 : X - 24+ 2¢2 + 6x - 15 /—3x5—5x4+22x3739x2739x+135
OL—Z ) [From (1) & (2)] : OH e 0 e
k 3 1 )(‘(—2x5+2x“+6x3—15x2
Z_Z = E ['.'(1=2]: —%—7x4+16x3—24x2739x
. me ®mme
2_3 - K l - 5 1 S0+ 2% — 23 — 6x% + 15«
2 T 472714 !
] I — 9+ 187 - 18- 544+ 13
k = — k=2 ! % (+3(+) 3
7 = : X"+ - -b4x + 135
k-2 -1 -1 0
From (2), = —= —= — = _
@By 4 4 277 28 ! The other factor is x> —=x — 9
o 2 1
From(1),p+y= — == =1 1P = _
% 5 E :>X:1i\/( 1)" —4(1)(—9)
Substituting y= B we get ! 2 —b+b? —dac
p | [ox= - ]
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.

1£37

2
Hence the roots are

1+ 2i,1-2i, /3, -3,

6. Solve the cubic equatlons

(i) 2-9x2+10x=3,

(i) 8x*-2x2-7x+3=0.

(i) Since the sum of the co-efficients is

2-9+10-3 = 12-12=0

= x = lisarootof f(x)

.. (x=1) is a factor of f (x)

To find the other factor, let us divide f(x) by x— 1
1 -9 10 -3

7 3

7 3

=3

Lo

[Using synthetic division]

(x-1) x-3)(2x-1)=0

0,x-3=00r2x-1=0

3, X

= X =

1+f 1-4/37
2

Sol.

- O
N

NN
(@)

|
R |

1
Hence the roots are 1, 3, 5

(i) Letf(x) = 8x¥-2x*-7x+3=0
Here sum of the co-efficients of odd terms
= 8-7=1
and sum of the co-efficients of even terms
= -2+3=1
Hence, x =— 1 is a root of f(x)
Let us divide f(x) by (x + 1)
8 -2 7 3
v -8 10 -3
8 -10 3 | 0
.. The other factor is 8x? — 10x + 3
_10+/100—4(8)(3)
2x8
_ 10+4100—-96
- s X=
16
12

— 0rx= §:>X=
16 16

-1

10+£2
16

31
472

3
.. The roots are -1, 2

5 )

L T T T e T T T T T T T e T T T T

N

Sol.

—l

Sol.

(i)

U

ti8ud

LUl

Solve the equation : x* — 14x? + 45 = 0.

Put X2

y? — 14y + 45

(y-9)(y-9)

y=9ory

X2 =9 or x2 5 -9
x= +3o0rx = +.5

Hence the roots are +3, /5 .

J/ EXERCISE 3.4\

Solve : (i) (x = 5)(x = 7)(x + 6)(x + 4) = 504
Rearrange the terms as.

(x=5)(x+4) (x=7) (x+6)=504

=(x? - x - 20) (x2 -X- 42) 504

)(; 45
0
5

|

put X2 — X
= (y-20)(y-42) = 5 /\
=y? - 62y +840-504 = 0
= y>— 62y +336 = 0
= (y-56)(y-6) =0 )
= y = 56,6
Case (i) Wheny = 56, x> = x =5 /\
= X°=X-56 =0
= x-8)(x+7) =0
N X = 8,-7
Case (ii)

Wheny = 6,

X=X =6 /\

= X=X-6 =0
= x-3)y(x+2) =0
= X = 3,=-2
Hence the roots are {8, -7, -3, -2}.

X=DHX-7)(x-2)(x+1)=16

. Given(x-4) (x-7) (x-2)(x+1)=16

Re arrange the terms as
X=4) (x-2)x-7)(x+1)=16

(X*—6x+8) (x*—6x—7)=16
put —-6x =Yy 7
y+8 -7 = 16
Y +y—-56-16 = 0 /1\
Y2+y-72 = 0
y+9((y-8 =0 +9 -8
y = 9,8
Case (i)
When y -9
-6x = -9
-6x+9 = 0
x-3)?% = 0
x = 3,3
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Sol.

Case (ii) -72
When y =8, /1\
x2—6x =8 4 \g
x2—6x-8 =0
_6£36—4(1)(~8)
B 2
- 64+/36+32
B 2
6468 64217
X = oS X =
2 2
Z(Bi\/ﬁ)
X =
2
x =3+17

. Therootsare 3,3,3+ 17and 3- {17
Solve : (2x-1)(x + 3)(x - 2)(2x +3) +20=0
Rearrange the terms as

(2x-1) (2x+3) (x+3) (x-2)+20=0

= (4x?>+6x-2x-3) (X¥*—2x+3x—-6)+20=0
= (4x>+4x-3)(x¥*+x-6)+20=0

put X% + X =y 152
= (4y-3)(y-6)+20=0
= 4y?-24y-3y+18+20=0 /2!
= 4y2-27y+38 =0 -19 -8
= (y-2) (4y-19)=0 —19 —8
= y = 2,9 4 4
_ 4 —-19
Case (i) 4 -2
When y =2,
X+Xx = 2= x+x-2=0
=Xx+2)(x-1) =0
= x =-2,1
Case (ii)
When y = Q, x2+x:£
4 4
= 4x° +4x = 19
= 4x2+4x-19 =0
—4+ 16 —4(4)(—19)
= X = g
_ —4+.J16+304
= X =
8
—4+£+/320
- T T

e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e = = = = =)

[

Sol.

. —4485

8
_4(—1+245)

1425

2
_14245 —1—2\5}
2 b

2

= X =

.. The roots are {1,—2,

Solve the following equations

(i) sinx-5sinx+4=0
(i) 12x% +8x = 29x% — 4
(i) sin?x-5sinx+4=0
Puty = sinx
= y’-5y+4 =0
= (y-4y-1) =0
= = 41
Case (i)
When = 4,sinx=4

and no solution for sin x = 4 since the range the
sine function is [-1, 1]

Case (ii)

When y = 1,sinx=1

= sinx = sin X [.-sin gzl]
= X =

nn+(—1)“g,neZ
[.-sinx=sina=Xx=nn+(-1)"a, neZ]
n . )
forallneZ, x=2n+mn > is solution

(i) 12x3+8x=29x* -4

This equation can be re-written as
12x3-29x> + 8x + 4 =0

b |12 29 8 4
V424 -10 -4
12 5 2 [0

.. X =2 isaroot and the remaining factor is
12x? = 5x -2

24
= (Bx-2)4x+1) =0 /\
— 3x—-2=0or4x+1 =0 -5

-1 -8 3
2 —
= X—§,X =3 -8 3
5 . 12 12
The roots are 2, = and — —. 2 1
3 4 3 4
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\ g

2. Examine for the rational roots of
(i) 2¢-x2-1=0 (i) xX¥-3x+1=0
Sol. (i) 2x*-x2-1=0
Since the sum of the co-efficients=2—-1-1=0
X = 1is aroot.
1 2 -1 0 -1
Vo2 1
2 1 1 | 0
X =11is aroot and the remaining factor is
22+ X+ 1
— 14412 —4Q2)(1)
X =
- 2
—1+~v-7 ..
= X = 5 which is a complex root.
— 147
= X =
2
.. X=1 is the rational root.
(i) -3x+1=0
Herea =1,a8,=1
If £ is a root of the polynomial, then as
(p, q)= 1 pisa factor of a,= 1 and qis a
factor of a =1
Since 1 has no factors, the given equation
has no rational roots.
3 =3
3. Solve: 8x2" —8x2" =63.
3 =3 3 3
n n—= 0 R Y e | _
Sol. 8x2n —8x2n =63 :>8‘(x2n) (xzn) ] 63
1
put xn =y
1
. 8[y3 = —3] = 63
y
;1 63 y'—1 63
N = - 22 22
Yy 8 Tyt 8
= 8yt -8 = 63y’
= 8y~ 63y’ -8 = 0
= 82 -63t—-8 = 0 [where t = y?]
= @Bt—1)(t-8) = 0
1
= t= —,8
8

L T T T T T T T T T T e T T T T T PR

Sol.

Case ()whent=8 = y’=8=y3=23
= y =2
Case (||)Whent—l o1
gV 7%
. 1
y 2
Wheny = 2, x2n =2
= X = (27
= X ="
= X = 4"
1L 1"
Wh = — 2n — — .
en Y= o.x 5 =X [2]
1 1
= X&E 2_2 :4_n

Hence the roots are 4

AN
:

b 6a
Put 2y+— = —+—
a b
2y? _|_3 N b* +6a
y ab
= ab(2y> +3) = (b>+6a%y

= 2aby?+3ab-y(b?+6a’) = 0
= 2aby?—y(b>+6a*) +3ab = 0
= 2aby?’-b’y—6a’y+3ab = 0
= by(2ay—-b)—-3a(2ay—-b) = 0
0
3

= (2ay —b) (by — 3a) =

= 2ay=b,by = 3a
. _b o a
y= 2a’ y = b

b

Case (i) Wheny— 7a
\/7 X b2 b?
= - =>X=—
2a a 4a 4a

Case (ii) Wheny = 37

X 3a x  94° 94°
= o o= X=—
a b a b b

b* 94°
4a’ p?
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CHAPTER

TWO DIMENSIONAL
ANALYTICAL GEOMETRY - |

_________________________________________________________________________________

y| MUST KNOW DEFINITIONS N

E + A circle is the locus of a point in a plane which moves such that its distance from a fixed point is

! always constant.

|+ Tangent of acircle is a line which touches the circle at only one point N
'+ Normal is a line perpendicular to the tangent. T

'+ From any point outside the circle two tangents can be drawn. & y? = 4ax

| + Parabola £ Latus rectum

! S(a, 0) — Focus 0(0, 0) — Vertex o 4 _

: Y=0 — Axis O Axis X
: Length of latus rectum = 4a ©.0) S(a.0)

.+ Ellipse
\ x? +y_2_1 """""""""""""""" i ,
| L [_Ellipse |
E S(ae, 0), S'(-ae, 0) — Foci Y -

! A(a, 0), A'(-a, 0) — Vertices §

! 0 (0, 0) Centre B A

| AA’ — Major axis — 2a; BB’ — Minor axis — 2b A0 ~A| «
. br=ad(l-e) (20 —=""Ta0)

! . . a —a

! Directrices x=—, x=—

! e e 4444444444444444444444444444444

' 4+ Sum of the focal distances of any point on the ellipse is equal to length of the major axis. !
P Hyperbola Hyperbola |
| N\, g ) ,
. X Yy oo|x

| = mpa— £ g

! b 2

| B |A o

: AA’ =2a — Transverse axis; BB’ = 2b — Conjuate axis E

! 0(0, 0) — centre s \al o Al s|3 "
i A(a, 0), A'(-a, 0) — vertices; S(ae, 0), S’(-ae, 0) — Focus

: N 2b* '

! Directrices x =9 ; Latus rectum = 22— : b2 = aX(e?-1) B

I e @ R —

_________________________________________________________________________________
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_________________________________________________________________________________

y| IMPORTANT FORMULA TO REMEMBER [N

+ Equation of circle with centre (0, 0) and radius r is x> + y> = r2.

+ Equation of circle with centre (h, k) and radius r is (x — h)? + (y — k)? = 1°.

+ For the equation x2 + y2 +2gx +2fy + ¢ =0, ... (1) centreis (-g, —f) and r = /g + /* —¢

+ (1) represents a real circle if g> + f>— ¢ >0, a point circle if g> + f>~c =0
and an imaginary circle if g?>+f?-c<0.

+ Equation of circle with (x,, y,) and (X,, y,) as extremities of diameter is
(X_Xl) (X_Xg) + (y_y]_) (y_yz) =0.

+ I X2+ 07 +2gx +2f, +c is
LA ! ! =0, (x;,)) lies on the circle

<0, (x,))liesinside

+ Equation of tangent at (x,, y,) to the circle is xx; +yy, +g(x +x,) +f(y +y,) +c=0
+ Equation of tangent to the circle is x* +y? = a?is xx, +yy, =a’
+ Equation of normal to x? + y* = a% is xy, — yx, = a*.

+ Condition for y = mx + c to be a tangent to the circle is ¢> = a (1 + m?)

Point of contact is | ——— 4 or | 22 <
+m? 1+m? J+m? 14m?
+ Ife =1, then the conic is a parabola, e < 1, then it is a ellipse and e > 1, it is a hyperbola.

_________________________________________________________________________________

>0, (x,))lies outside |

www.kalviexpress.in
orders@surabooks.com PH:9600175757 | 8124301000



This is Only for Sample for Full Book Order Online or Available at All Leading Bookstores
www.kalviexpress.in

Chapter 5 ™ Two Dimensional Analytical Geometry - 11

$

is of Equation | Length
Equation Graph Vertex | Focus AXIS 0 of of Latus
SYMMEY | pirectrix | rectum
Y
—k)?= - (h *a, = =h-
(y —k)* =4a(x-h) < « (h, k) 0+K) y=k x=h-a 4a
Y
(v —K)? = —4a(x  h) i | -2 y=k |x=h+a| 4a
X 0 + k)
O
Y\/
(x—h)? = da(y — k) iy | OFh x=h |y=k-a| 4a
X a+k)
O
Y
—h)Z= — X (0 + h’ = =
(x = h)*=—-4a(y — k) (h, k) “a+k) x=h y=k+a 4a
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Ellipse
Equation & Diagram Centre Major axis \ertices Foci

EAY AV
o) Rl .
b
Y

a

parallel to the (h+a, kK (h+c, k)

X-axis

(h, k)

A
N

(v -k = - 4a(x~ h)
Y

arallel to the
\ (h, k) P [ (h, k +a) (h, k + c)
VP

Hyperbola

Hyperbola Transverse axis parallel to the x-axis
v -h? 0=k’ _,
a* b?

Centre — (h, k)

Vertices (h + a, k) (h—a, k)

0 o) \ X Foci — (h+c,k)(h-c, k)
Equation of directrix = +4

e

Transverse axis parallel to the y-axis
W=k’ @=m’ _,
a* b?
Centre — (h, k)
Vertices (h, k + a) (h, k—a)
Foci (h, k + c)(h, k—c¢)

:

S~

(. k)

J

]

. . . a
Equation of directricesy = +=—
e
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+ Parametric equations

Conic Parametric equations | Parameter | Range of parameter | Any point on the conic
Circle X=acos 0, 0 0<0<2n 0 or (a cos 0, a sin 0)
y =asin 0
Parabola |x=at? t —o<t<ow t or (at?, 2at)
y =2at
Ellipse X=acos 0, 0 0<0<2=n 0 or (a cos 6, b sin 0)
y=bsin 0
Hyperbola | x = a sec 6, 0 —n<0<n 0 or (a sec 0, b tan 0)
y =btan 6 P
except 6 = iz

Parabola

Equation of tangent is yy, = 2a(x + x,) (cartesian form) and in parametric form is yt = x + at?.
Equation of normal is xy, + 2ay = x,y, + 2ay, in parametric form isy + xt = at® + 2at.

+ +

Ellipse

N
p:

+

Equation of tangent is x—);]+ 1 (cartesian form)
a

xcos® , ysind _ 4 parametric form)

a
a’x b’y
+ Equation of normal is — ——= = a? — b? (cartesian form)
A

—— =a’>—Db? (parametric form)
cos® sin0

ax by

Hyperbola

. . XX .
+ Equation of tangent is —21—% =1 (cartesian form)
a

xsecO ytan0

= 1 (parametric form)

a b
2 2
. . b .
+ Equation of normal is X, 2V —g4p2 (cartesian form)
X N
ax b .
+—2 =22 (parametric form)
secO tan®

+ Condition for y = mx + ¢ to be a tangent to

a 2
(i)  Parabolay?=4axisc= = ; Point of contact is (_2’_)
m mem

2 2
i i i . . — b
(ll) Elllpse iscZ=a’m?- bz; Point of contact is ( an ,—]
C
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Sol.

Sol.

EXERCISE 5.1

Obtain the equation of the circles with radius
5 cm and touching x-axis at the origin in
general form.

Givenr=5cm

Since the circle touches the x axis, its centre is
(0, £5)
Equation of the circle is (x — h)? + (y — k)? = r?

= (x-0)2+(y+5)® = 5°
= x2+y2+ 25 £10y = 25
= X2+y2+10y = 0

Find the equation of the circle with centre
(2, -1) and passing through the point (3, 6) in
standard form.

Y

(3,6)

ir
,I

Given centre is (2, —1) and passing through the
point (3, 6)
.. r = distance between (2, -1) and (3, 6)

J2=3 +(-1-6)

VD2 +(=7)

.. Equation of the circle is
(x=h?+(@y-k? = r?
(x=22+(y+1)? = (J50)?

= (x-22%+(y+1)? = 50

e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e = = = = =)

[

w

Sol.

»

Sol.

Find the equation of circles that touch both
the axes and pass through (- 4, — 2) in general
form.

Since the circle touch both the axis. Its equation

will be (x — a)? + (y — @)% = a? .. (1)
It passes through (-4, -2)

S(4-a)P+(-2-a)? = a?

16+,¥/+8a+4+a2+4a = ,3([
= a?+12a+20= 0
= @+10)(a+2) = 0
a =-10or-2
Y
5 X
Ca2)
Case (i)
When a = -10, (1) becomes
(x + 10)2 + (y + 10)> = -10?
= x2+100+20x +y2+ 100 +20y = 100
= X2 +y2+20x + 20y + 100 = 0
Case (ii)
When a = -2, (1) becomes
(x+2)*+(y+2)* = 22

= X+ax+4+y2+ay+ 4 = A
= X2+y2+ax+4y+4 =0

Hence, equation of the circles are
X2+y?+ax+4y+4 =0

or X2 +y2+20x + 20y + 100 = 0

Find the equation of the circle with centre

(2, 3) and passing through the intersection of

the lines3x -2y —-1=0and 4x +y-27 = 0.

Given centre is (2, 3)

Let us solve 3Xx-2y =1 (1)
and Ax+y = 27 (2
(1) — 3x—?é =1
2)yx2— 8x+2y = 54

1l1x = 55 =>x=5

Substituting x = 5 in equation (1)
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®

Sol.

Sol.

S305)-2y =1
= 15-2y =1
= 15-1 =2y
= 14 = 2y
= y =7

The circle passes through (5, 7)
[ distance between (5, 7) and (2, 3)]

JG5=2)2 +(7-3)
= V32 +4
= J9+16 =/25=5

Equation of the circle is

r

(=P + (=K = 1
= (x—2)2+(y-3)? = 5
= X2 -4x+4+y-6y+9 = 25

= X2+y?-4x-6y+13-25 = 0
= X2+y?—4x—-6y—12 = 0

Obtain the equation of the circle for which
(3, 4) and (2, -7) are the ends of a diameter.

Given ends of diameter are (3, 4),(2, —7) [PTA-3]
. Equation of the circle is

(X=x%) X=%) + (y=y) Y-V, =
= X=-3)x-2)+(y-4y+7 =
= X2 -2X-3X+6+y>+7y—4y 28 =
X2 +y?—5x+3y-22 =

o o o O

=

Find the equation of the circle through the
points (1, 0), (-1, 0) and (0, 1).
Let the equation of the circle be

X2 +y?+2g9x+2fy+c=0 ... (1)
It passes through (1, 0)
= 12+0+29(1)+2f(0)+c= 0
= 2g+c= -1..(2)
It passes through (-1, 0)
= (-1)’+0+2g(-1)+2f0)+c= 0
= -2g+c= -1..(3)
Also it passes through (0, 1)
= 0+12+2g(0)+2f(1))+c= 0
= 2f+c= -1..(4)
2)+3)= 2c= 2
= c= -1
Substituting ¢ =—1 in (2), we get

20-1= -1

= 20 =0

4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

é

Sol.

Sol.

= g =0

Substituting ¢ = -1 in (4) we get,
2f-1 = -1

= 2t = 0

= f = 0

- (1) becomes,
X*+y*+0+0-1 0
= X*+y? = 1

A circle of area 9r square units has two of
its diameters along the lines x + y = 5 and
x —y = 1. Find the equation of the circle.
Area of the circle = 97 sq. units [Sep. - 2020]
m=9n=r’=9=r=3
Diametersarex+y=5 (1) and x-y=1(2)
We know that centre is the point of intersection
of diameters.

.. To find the centre, solve (1) and (2).

MH+2)= x+y =5
X —Z =1
2x = 6
= X = 3
Substitutingx=3iInx+y=5
(D)= 3+y =5
= y = 5-3=2
-~ Centre is (3, 2)
Hence, equation of the circle is
(x=h2+(y-k? = r
= (x=3)2+(y-2)7 = 3
= X2—6Xx+9+y>—4y+4 = 9
= X2 +y?—6x—4y+4 = 0
Ify = 2J2x+c is a tangent to the circle
x2 + y? =16, find the value of C.
Given that equation of the circle is
XX+y> = 16
= az = 16
and equation of the tangent is
y = 242x +c

= m=2J2 andc=c [.-y=mx+ cisthe tangent]
The condition for the line y = mx + c is a tangent
to the circle x> + y? = a’ is

¢ = a2(1+m?
= 2 = 16(1+(2v2)?)
- ¢ = 16(1 +98)
= 2 = 16(9)
= c = #4(3)
= c = %12
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9.

Sol.

10.

Sol.

11.

Find the equation of the tangent and normal * so/. (i)  Equation of the circle is x> + (y +2)2=0

to the circle x? + y> - 6x + 6y —8 = 0 at (2, 2).
Equation of the circle is x> + y> —6x + 6y — 8 = 0.

- Equation of the tangent at (x,, y,) is
XX, Yy, — g (x+x) + g(y+yl)—8=0
Given (x,,y,)is (2, 2)
Equation of the tangent at (2, 2) is
X(2)+y(2)-3(x+2)+3(y+2)-8=0
=  2X+2y-3x—pH+3y+6-8=0
= —X+5y-8=0
= X—5y+8=0
Equation of the normal is

yX, =Xy, +9(y -y;) —f(x=x;) =0
= VY2)-x2)-3(y-2)-3(x-2)=0

[-20=-6=09=-3;2f=6 = f=3]

= 2y —2x-3y+6-3x+6=0
= Sx-y+12=0
= 5x+y—-12=0

Determine whether the points (-2, 1), (0, 0)
and (-4, -3) lie outside, on or inside the circle
x2+y2-5x+2y-5=0.
(i) Given equation of the circle is
X2+y2-5x+2y-5 = 0
At (-2, 1), (1) becomes
(<22 +12-5(=2)+2(1)-5
= 4+1+10+2-5
= 17-5=12>0.
.~ (=2, 1) lies outside the circle.
(ii) At (0, 0), (1) becomes -5 <0
. (0, 0) lies inside the circle.
(iii) At (-4, -3), (1) becomes
(-4)? + (-3)" ~ 5(-4) + 2(-3) - 5
= 16+9+20-6-5
= 45-11=34>0
.. (-4, =3) lies outside the circle.

Find centre and radius of the following circles.
(i) X*+(y+2y°=0

(i) x2+y?+6x-4y+4=0

(i) x°+y?-x+2y-3=0

(iv) 2x2+2y?—6x+4y+2=0 [PTA-6]

é

Centre is (0, —2) and radius is 0.
(i)  Equation of the circle is

X2 +y>+6x—4y+4=0.

Here2g=6 = g=3

2f=—4=f=-2andc=4

Centre is (g, —f) = (-3, 2)

r=yg2+f2—c = 3> +(=2)* -4
Jo+4-4 =9

3 units

(iii)  Equation of the circle is X*> +y*—x+2y—-3=0

Here 29 1= 9= —

2

2f 2 =>f=landc=-3

Centre is (—g, —f)

I
—/
N | =

|

—_
—

I}
oQ
)
+
\H
)
|
o

and r

1
NI
+
+
(O8]

r= -5 units
(iv) Equation of the circle is
2% +2y?—6Xx+4y+2 = 0
Dividing by 2, we get
X2 +y?=3x+2y+1 = 0
Here2g = -3=¢= _7

2f = 2 =f=1
andc =

|
[N

.. Centre is (-g, —f)

andr=+g’+f*-c

1 1
/N

] N W
N | W “I
\—’I\) P

+ N———

—_

[\S]

|

—_
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12. If the equation 3x? + (3 = p) xy + qy? — 2px T (i) The parabola passes through (2, —3) and

= 8pq represents a circle, find p and g. Also symmetric about y-axis.

determine the centre and radius of the circle.
Sol. Given equation of the circle is [PTA-1]

3x* + (3-p)xy + qy* — 2px = 8pq

For the circle, co-efficient of xy = 0

= 3-p=0=p=3

Also, co-efficient of x> = co-efficient of y?

= 3 =9

.. Equation of the circle is

3x2 +3y>-6x = 8(3)(3)

Y

2,-3)

Yl

Since the parabola passes through (2, —3)

32+ 3y2-6x-72 = 0 the parabola is open downward.
Dividing by 3, we get - Its equation is x> = —4ay ..(1)
X4y -2x-24 = 0 Substitute the point (2, -3) we get,
Here2g = -2 2 = _4a(-3)
= g=-1
f = 0andc=-24 = 4 = l2a
Centre is (g, -f) = (1, 0) 4 a = A1
andr = m J? 3

(1) becomes,

1
cy2 = -
SoX —4(3)y

= 3> = -y

JEED2+0+24 :
EXERCISE 5.2 : (ii1)) Vertex is (1, —2) and focus is (4, -2).

J25

5 units.

Y @ The parabola is right open.

1. Find the equation of the parabola in each of Y
the cases given below :
(i)  focus (4, 0) and directrix x = —4.
[Aug. - 2021] />
(i)  passes through (2, =3) and symmetric [(1’72) S
about y- axis. < *~——>
(iii) vertex(L, —2) and focus(4, —2). V\ 4,-2)

(iv) end points of latus rectum (4, -8) and
(4,8).

Sol. (i) Given Focus (4, 0) and directrix X = —4. a = distance between (1, -2) and (4, -2)

Since (4, 0) is the focus and the directrix — N2 2
is X =( —4,)the parabola is of the form = a = \/(l A+ (242
y? = 4ax. a = J3)7 =3
x=—-4 Y =
Equation of the parabola is
(y=k)?> =4a(x-h)
. (y+2) =4@3) (x-1)
(4,0 [ (h,Kk)is (1,-2)]
= (y+2)? =12(x-1)
(iv)  End points of latus rectum are (4, -8) and
Alsoa = 4 (4, 8).
. Equation of the parabola is y* = 4(4)x Focus is the mid-point of (4, -8) and
= y2 = 16x 6 (4,8)
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] = b=5
K 4, 8) : n5e)=4= e = <
1
! Also, a? = b?(1 -¢?)
< ! 25-16
! = a2= 25(1-1% |25
: 25 25
(4,-8) | = a’=9 .,
1
| Equation of the ellipse is x_2+y_2 =
4+4 —8+8 | b
~Focus = | 755 [=(4,0) ! . ﬁ+ﬁ:1
s a = 4and vertex is (0, 0) | 9 25
i icy2 = 3
Equatlonzof the parabola is y* = 4ax : (iii) Length of latus rectrum = 8, e = 3 and
= y= = 4(4)x : major axis on X-axis.
2 — 2
=y =16 ! Given 22~ = 8,e=§
2. Find the equation of the ellipse in each of the | a S
cases given below : I b? = 4a
1 ' b2 = a*1-¢?
(i) foci(x3,0),e= 2 | ( ;
2
(if)  foci (0, + 4) and end points of major axis : 4da = a (1_5)
1
are (0, £ 5). | 25_9
. 3, 4= a
(iii) length of latus rectum 8, eccentricity =— | 25
and major axis on x-axis. 3 ! 100 = a(16)
(iv) length of latus rectum 4, distance , 100 25 ,_ 625
. 1 a=—= " =a" = —
between foci 4\/5, centre (0, 0) and , 16 4 16
major axis as y - axis. : 75
. . 1 | b2 = 4x=—= =25
Sol. (i) foci(x3,0),e= — I . 4 . .
2 1 Since major axis is on X-axis, equation of
Since foci are (ae, 0) : the ellipse is
= ae = 3 !
1 | 0)2 0)2
= a-— = 3=a=6 X (x_z) +(y_2) -1
Centre is (0, 0) : “ 2b 5
1 X y
2 — 92(1_ @2 -4+ _
and b a“ (1 (i) ! = 625 ' 25 1
= b2 = 36 1—2) | 16
1
3 ! 16x L2
4 i (iv) Length of latus rectum = 4, distance
= b* = 27 IS | between foci = 4./2 major axis is
x .
. Equation of the ellipse is _2+y_2 =1 : y-axis.
a b . 2
Xy ! Given — = 4 and distance between
= —t=— =1 ! a
36 27 ! foci = 2ae = 442
(ii) Foci (0, +4) and end points of major axis |
are (0, £5) I = ae = 242
Since foci are (0, +be) = be = 4 | _—
End points of major axis are (0, £5) l i ae’ =8 (1)
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2b°
— = 4=b’=2a .(2)
a
We know b> = a?(1-¢€?)
= b? = a’-a%’?
= 2a = a’-8
[using (1) and (2)]
=a’-2a-8 =0
On factorising we get
@-%H@+2) =0
= a = 4or-2
a = 4
[[.-a=-2 is not possible]
= a> = 16

. From (2),b*>=2(4) = 8

Hence, the equation of the ellipse is

x2 y2

< 16 =1 [[.- Major axis is Yy -axis]

3. Find the equation of the hyperbola in each of
the cases given below:
. . - 3

(i) foci (2, 0) eccentricity = 3

(i) Centre (2,1), one of the foci (8,1) and
corresponding directrix X = 4.

(iii) passing through (5, —2)and length of
the transverse axis along x axis and of
length 8 units.

Sol. (i)  Given foci (£2, 0) = ae = 2 and centre is
(01 0) a(?, ) B 2 _ i
2l=2=a=
2 3
b?= a’(e’-1) \
16(9 16(9-4 % 5
2: - __1 = = — -
=b 9(4 ) 9(4) 0 A
4x5 20
= b2 - L - —
9 9
- _x? y2
. Equation of the hyperbola is _z_b_z =
a
2 2
r Yy _
= 1620 =1
9 9
16 20

(i) ae = distance between centre and focus

ae= V8- +(1-D7 = J62 =6 ..(1)

L T T T e T T T T T T T e T T T T

a .
Also — = distance between centre and
e

directrix

a_ Jum2rra-yr =2 o2

e

[ (4, 1) is a point on the directrix]

(1)><(2)—>a¢><§ — 6x2
= a>= 12
(1) — a’e’ = 36

12(e?) = 36
= e2=3
= e= 3

Also, b2 =a%(e2—1)=12(3 - 1) = 12(2) = 24
.. Equation of the hyperbola is
-’ -k _

a’ b’
(=2 =D’ _
12 24

(iii) Passing through (5, —2) length of the
transverse axis is a long X-axis and of
length 8 units.

2a = 8=a=4
Since the transverse axis is along x-axis,
centre is (0, 0)
Equation of the hyperbola is

2
16 »*>
Since (5, —2) passes through the parabola,
4 _
25 4 _ :_2:§_1:25 16:2
16 b? b 16 16 16
b= 16x4 _ 64
9 9
.. Equation of the hyperbola is
2 2 2 2
9
LA S ) G
16 64 16 64
9

Find the vertex, focus, equation of directrix
and length of the latus rectum of the following:

(i) y>=16x (i) x?=24y
(iii) y>=-8x (iv) x2-2x+8y+17=0
(v) y?>—4y-8x+12=0
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sol. (i)

(i)

(iii)

(iv)

y? = 16X
The given parabola is right open parabola
and4a=16 = a=4.
(a) Vertex is (0, 0)
=h=0,k=0
(b) focusis (h+a, 0+Kk)
=(0+4,0+0)=(4,0)
(¢) Equation of directrix isx=h-a
=>x=0-4=x=-4
(d) Length of latus rectum is 4a = 16.
X2 = 24y
The given parabola is open upward
parabola and 4a =24 = a = 6.
(a) Vertex is (0, 0)
=h=0,k=0
(b) focusis (0 +h,a+k)
= (0+0,6+0)=(0, 6)
(¢) Equation of directrix isy =k —a
>y=0-6=>y=-6
(d) Length of latus rectum is 4a = 24.
y? = —8x
The given parabola is left open parabola
and4a=8=a=2.
(a) Vertexis (0, 0)
=h=0,k=0
(b) focusis (h—a, 0 +Kk)
=(0-2,0+0)
=(-2,0)
(¢) Equation of directrix isX =h + a
=>X=0+2=x=2
(d) Length of latus rectum is 4a = 8.
X2-2x+8y+17=0
X2 —2x=-8y—-17
Adding 1 both sides, we get

X2—2x+1=-8y—-17+1
= (x—-1)?>=-8y-16=-8(y +2)
= (x—-1)>=-8(y +2)
This is a open downward parabola, latus
rectum4a=8 = a=2.
(a) Vertexis (1,-2)
=h=1k=-2
(b) focusis(0+h,—a+Kk)
=(0+1,-2-2)
=(1,-4)
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1 () 2+ 2~ _1isin the form 5+
5 9 a

(¢) Equation of directrix isy =k + a
>y=-2+2=y=0

(d) Length of latus rectum is 4a = 8 units.

(V) y?’-4y-8x+12=0
y2—4y=8x—12
Adding 4 both sides, we get,
Y2 -4y +4=8x—12+4=8x—-8
= (y-2y=8(x-1)
This is a right open parabola and latus
rectumis4a=8 =a=2.
(a) Vertexis(1,2)=h=1k=2
(b) focusis(h+a, 0+Kk)
= (1+2,0+2)
=(@3,2)
(¢) Equation of directrix isx=h-—a
=>X=1-2
=>x=-1
(d) Length of latus rectum is 4a = 8 units.

Identify the type of conic and find centre,
foci, vertices and directrices of each of the

following.
2 2 2 2
7 X"y , X y
—+—=1 —+—=1
(M) 25 9 (i) 3 10
2 2 2 2
y . y- X
S A | R |
(i) 25 144 (V) 16 9

2 2 2 2
Y
7=

Here a2=25and b?=9
a’ - b* _25-9 16

We know e2 = === —
4a2 25 25
g = —anda=5
5
Hence ae=5><i
5
a 5
ae =4dand —= —=5x~—
e 4
a_2
e 4

Major axis X axis.

Center = (0, 0)
Foci = (fae, 0)=(x4,0)
Vertices = (£ a,0) =(£5,0)
. . a 25
Directrix X = +—= £ —
e 4
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2 2 M 2 2
.. . . . X y .. 1 X 2 2
—_— 4 = . s 7 . y X
(i) Given (zqua;lfn is 3 + 0 1 is in the ! (iv) & o =Llis in the form a_Z_b_Z: 1
_ z - 1
form b2 " a 1 ! Herea? = 16and b2 =9
Herea? = 10and b?=3 ' 24 p? 25
: We know 2 = & 5 - 16+9_ 2
- 10-3 7 ! a 16 16
We know 2 = >—= ——= — !
a 10 10 | e = —anda=4
7 | 5
ezﬁandaz\/ﬁ ! Hence ae = 4 -
7 ! a 4 4
Hence ae = /10 x ! ae =5and — = z7=4x —
V1055 ; PR
ae = /7 and ! a _ 16 4
<= £ J10 x : Transversz axis 5axis
e 7 ﬁ I Y axis.
J10 | Center = (0, 0)
a _ 10 : Foci = (0, *ae, 0) = (0, +5)
e J7 | Vertices = (0, +a) = (0, +4)
Major axis Y axis. | Directrix v = £ = +E
Center = (0, 0) | rectrixy = *7 = %75
Foci = (0, £ ae) = (0, =7 \
( )= I) | 6. Prove that the length of the latus rectum of
Vertices = (0,+a) = (0, ++/10) - 2y o2
o a_ .10 ; the hyperbola ———2 =1lis == . [PTA-2]
Directrixy = +— = +— | a“ b a
¢ , \/_ 5 ! Sol. The latusrectum LL’ of the hyperbola passes
(iii) Given equation is =—— 2 =1 is in the ! through S(ae, 0)
22 25 144 X .
form _2_b_2: 1 ! L
a
Here a2 = 25 and b’ = 144 ! s
1 >
We know a2 = a’+b’> 254144 169 !
eknowe’ = 5= = oo | )
e = Banda=5 :
5 13 ! . Lis (ae,y,) , ,
KK =53 : Substituting L in x—2—Z—2 =1 we get,
5 a
ae = 13and L= -T=5x — | 22 2
e 13 13 ace _y_1 1 2N _
a _ 25 B ' R
_ = — 1
e 13 : 2
y 2 = a2(a2 _
Transverse axis X axis. 1 = e-1= b_lz [b®=a(e"-1)
Center = (0, 0) : - ﬁ —e2_1]
Foci = (0, +ae, 0) = (+ 13, 0) ! = yZ=b%(e?-1) 22
Vertices = (£ a,0) = (x5, 0) I ’ b
a_ 2 N L = yp=Z
Directrixy = =— — I a* a
e 13 é
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Part - 111
Time ArLowep : 3.00 Hours ] Mathematics (with answers) [ Maximum MARKs : 90
Instructions :
(1) Check the question paper for fairness of printing. If there is any lack of fairness, inform the Hall Supervisor
immediately.

(2) Use Blue or Black ink to write and underline and pencil to draw diagrams

PART - 1

Note : (i)  All questions are compulsory.
(if) Choose the most appropriate answer from the given four alternatives and write the option code and the

corresponding answer. 20x1=20
1. Inthe set R of real numbers “#’ is defined as follows. Which one of the following is not a binary operation
on R?
(1) axb=a (2) a*b=min(a.b) (3) axb=aP (4) a*xb=max(a,b)
2. The value of sin! GJ + COS_l(%j is
1) 0 2) T 3) = A
(1) (2) 5 3) 3 4
3. IfP(x, y) be any point on 16x? + 25y? = 400 with foci F,(3,0) and F,(-3,0) then PF, + PF, is
(1) 10 (2) 8 (3) 12 4 6
4. The volume of the parallelepiped with its edges represented by the vectors 7+ 7, i+27,i+ j +nk is
T T T
1) =« 2) — 3) = 4 ad
1) (2) 5 3) 1 4 3
s
2
5 J.sin7 xdx =
0
n
T 2
1) 5 (2) j cos’ x dx @) 0 4 1
0
6. Apair of dice numbered 1, 2, 3, 4, 5, 6 of a six-sided die and 1, 2, 3, 4 of a four-sided die is rolled and the
sum is determined. If the random variable X denote the sum, then the number of elements in the inverse
image of 7 is
1) 3 2 1 Q) 4 4 2
7. IfA, Band C are invertible matrices of some order, then which one of the following is not true?
(1) detA?l=(detA)? 2 adj A= |AJA
(3) (ABC)1t=cC1BIA1 4) adj (AB) = (adj A) (adj B)
8. If the planes ;.(2§_x}'+]}) =3 and ;-(4;+}'—ul;)= 5 are parallel, then the value of A and p are

respectively.

@) -+, -2 @ 5.-2 @ +.2 @ -+

2

N | =
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9. If we measure the side of a cube to be 4 cm with an error of 0.1 cm, then the error in our calculation of
the volume is (in cubic cm) :

(1) 2 (2) 04 (3) 48 (4) 045
1
10. |If the function f(x) = I for a < x < b, represents a probability density function of a continuous random

variable X, then which of the following cannot be the value of a and b?
(1) 7and 19 (2) Oand12 (3) 16and 24 (4) 5and17

11. The solution of % +p(X)y=0is

X
(1) x=ce lpty (2) y = celpox (3) x=celPdy (4) y=ce
12. The position of a particle ‘s’ moving at any time t is given by s(t) = 5t> -2t — 8. The time at which the
particle is at rest, is :

M1 2 o @) 3 (G-

31
13. The inverse of[ ] is:

5 2
3 -1 2 -1 -3 5 -2 5
o2 0] e[ e [
14. The function f(x) = x2, in the interval [0, o) is :

(1) cannot be determined (2) increasing function
(3) increasing and decreasing function  (4) decreasing function

T

2
15. The value of J.sin2 XCoS X dX is :

T

2

3 1

(1) O 2) (3) 3 (4) 5
16. Azeroof X3+ 64 is :
(1) 4i 2 0 3) -4 4 4
17. The centre of the hyperbola (r=1)’ —(y;51)2 =1is:
) (1,_1) @ 11 ® @&L-) @ (00
272 |

1

dx?
(1) 2,6 2 2,3 (3) 2,4 4 3,3

. . Ay (s, 3
18. The order and degree of the differential equation —5 + o +x*=0are:

1+z
19. If|z| =1, then the value of —— is:
1+7

W = @ 2 @ 1 @ z
20. The value of the complex number (i%%)% is equal to :
D1 (2) i @) -i 4 -1
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PART - 11

Note : (i) Answer any seven questions.

(if) Question number 30 is compulsory. 7x2=14

5 .1
- i i -1 =
21. Ifz=(2+ 3i) (1L -1i) then prove that z 2% '3

22. If o and P are the roots of x> — 5x + 6 = 0 then prove that o> — B = + 5.
23. For what value of x does sin x = sin™x?

24. Show that the three vectors 2i + 3}' +h, i 2}' +2kand 3i+ } +3k are coplanar.

X

25. Prove that lim | <— |, wheremisa positive integer, is oo.
x—eo| x

26. If g(x) = x2 + sinx, then find dg.

: dy  [1-y* . : : :
27. Show that the solution of d_y = 1—y2 is sin"ly = sin"t x + C (or) sin™’x =sin~ly + C.
x —x

0, —0o<x<0

28. If X is the random variable with distribution function F(x), given by : F(x) = %(x2 +X) 0<x<l

. l(2x+1) ;0<x<1 1, 1I<Xx<ow
then prove that the p.d.f.is f(x) = { 2 :
0 ; otherwise
. . . r & kxe™*  forx>0 .
29. The probability density function of X is given by f(x) = ¢ ot Prove that the value of k is 4.
0 forx<0
30. Show that the differential equation corresponding to y = A sin x, where A is an arbitrary constant, is
y =y’ tanx.
PART - 111
Note : (i) Answer any seven questions.
(if) Question number 40 is compulsory. 7%x3=21
01 2 1
31. Show that the rank of the matrix |0 2 4 3|is3,
8 1 0 2

8
32. IfA= [_5 3 ]verifythatA(adj A) = (adjA)A=|A L

i3 1 i3

1
33. Show that the points 1, > +—— and T are the vertices of an equilateral triangle of side length

J3. 2

34. If the sides of a cubic box are increased by 1, 2, 3 units respectively to form a cuboid, then the volume is
increased by 52 cubic units. Show that the volume of the cuboid is 60 cubic units.
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